We construct Skyrme fields from holonomy of the spin connection of multiTaub-NUT instantons with the centres positioned along a line in R 3 . Our family of Skyrme fields includes the Taub-NUT Skyrme field previously constructed by Dunajski. However, we demonstrate that different gauges of the spin connection can result in Skyrme fields with different topological degrees. As a by-product, we present a method to compute the degrees of the Taub-NUT and Atiyah-Hitchin Skyrme fields analytically; these degrees are well defined as a preferred gauge is fixed by the SU (2) symmetry of the two metrics.
1 Introduction the construction in [8] to a family of gravitational instantons, namely the multi-Taub-NUT instantons [12] . The multi-Taub-NUT instantons form a family of ALF instantons, known as type A N −1 , where N = 1 corresponds to the Taub-NUT instanton. The multiTaub-NUT metric is known explicitly as g = V (dr 2 + r 2 (dθ 2 + sin 2 θdφ 2 )) + V −1 (dψ + α)
where r ∈ [0, ∞), θ ∈ [0, π], φ ∈ [0, 2π) are the usual spherical coordinates, the metric dr 2 + r 2 (dθ 2 + sin 2 θdφ 2 ) is the flat metric on R 3 , and the range of ψ is [0, 4π). 1 The function V (x) is a positive solution to the Laplace's equation and x n denote N distinct points on R 3 . The one-form α is related to V via dα = * 3 dV, where * 3 is the Hodge star operator with respect to the flat metric.
Here, we shall only consider the multi-Taub-NUT instantons where the points x n , the centres, lie along the union of the lines θ = 0 and θ = π, i.e. the z-axis in the Cartesian coordinate system (x, y, z) for R 3 . Such a multi-Taub-NUT metric has two generators of Killing symmetry, one is the vector field ∂ ∂ψ and the other ∂ ∂φ . We shall only use the Killing vector field ∂ ∂φ for the Skyrme field construction, as it gives rise to a Skyrme field with nonzero topological degree in the case of the Taub-NUT instanton [8] .
Following the construction in [8] , we shall obtain the SU(2) Yang-Mills connection on the multi-Taub-NUT background from the the spin connection of the multi-Taub-NUT metric itself. Such a procedure was first introduced in [5] , and further investigated in [6, 24, 21] . The holonomy of the Yang-Mills connection will then be calculated along the orbits of the axial symmetry of the multi-Taub-NUT instanton. This will give rise to an SU(2)-valued scalar field U -our Skyrme field -on the space of orbits of the Killing symmetry.
In the next section we shall review the construction [8] of Skyrme fields from gravitational instantons, and apply it to the multi-Taub-NUT instantons. We choose the frame fields for the self-dual spin connection to be a natural extension of the SU(2)-invariant frame fields used in [8] . We then obtain an explicit expression for the multi-Taub-NUT Skyrme fields, in term of V and α in (1.1); the family includes the Taub-NUT Skyrme field previously constructed in [8] as the case N = 1. In Section 3 we shall however show that different gauges of the spin connection can result in Skyrme fields with unequal topological degrees. In particular, writing the multi-Taub-NUT spin connection in a different set of frame fields, we show that the resulting family of Skyrme fields has vanishing topological degree for all N ≥ 1. Unlike the Taub-NUT and Atiyah-Hitchin Skyrme fields where the SU(2) symmetry is present, it is not obvious how one can justify a preferred gauge for the multi-Taub-NUT N ≥ 2 case. Nevertheless, as a by-product, we present a method to compute the topological degrees of the Taub-NUT and Atiyah-Hitchin Skyrme fields analytically. (These degrees are well defined as they are fixed by the frame fields chosen to respect the SU(2) symmetry of both metrics.)
The space where the Skyrme fields live is the space of orbits of the axial symmetry of the multi-Taub-NUT metric. In Section 4 we investigate the Einstein-Weyl metric on the space. In fact we study a more general case of the Einstein-Weyl metric on the space of orbits of a Killing vector field of the form ∂ ∂φ + c ∂ ∂ψ , where c is a constant. In particular,
we obtain implicit expressions for the metric and its associated solution to the SU(∞)-Toda equation. Lastly, in Section 5, we discuss the Skyrme energy functional, particularly for the Taub-NUT Skyrme field, and remark how one could proceed to compare the energy of the approximate Skyrme field with that of the true solution to the Euler-Lagrange equation.
Skyrme field construction
The Skyrme field construction of [8] is based on two important results. One is that a solution of the self-dual Yang-Mills equation on a Ricci-flat background can be obtained from the spin connection of the background metric itself [5] . The other is that static Skyrme fields can be generated from SU(2) Yang-Mills instantons [2] .
From spin connection to Yang-Mills instanton
Let (M, g) be a Riemannian spin four manifold with a Ricci-flat metric g, and ω ab be the connection one-form defined from an orthonormal tetrad of one-forms {e a } by
Charap and Duff [5] showed that one can identify ω ab with a Spin(4) Yang-Mills potential, which under the decomposition Spin(4) = SU(2) × SU(2) gives rise to an SU(2) YangMills potential satisfying the (anti-) self-dual equation on the metric background.
Recall (see, for example, [7] ) that the complexified tangent bundle can be decomposed as T M ⊗ C ∼ = S + ⊗ S − , where S ± are rank two complex vector bundles. The spin bundles S ± inherit connections γ ± (spin connections) from the Levi-Civita connection of g. Let us choose a convention such that γ + encodes the information about the self-dual part of the Weyl tensor, and γ − the anti-self-dual part. Then it means that given a self-dual Ricciflat metric, one can interpret the spin connection γ + as an SU(2) self-dual Yang-Mills connection on the metric background.
Pope and Yuille applied such a procedure to construct an SU(2) self-dual Yang-Mills instanton in the Taub-NUT background [24] . The result was then used in one of the examples in [8] to generate a Skyrme field from a gravitational instanton, namely the Taub-NUT Skyrme field. The goal of our paper is to extend the Skyrme field construction in [8] to multi-Taub-NUT instantons. Let us now describe how one can define a YangMills instanton from the spin connection of a multi-Taub-NUT metric.
The multi-Taub-NUT metrics form a family of gravitational instantons which are hyperKähler, thus they are Ricci-flat and have self-dual Riemann tensor.
2 They are asymptotically flat (ALF), meaning the metrics approach S 1 bundles over S 2 at infinity.
The metrics of the multi-Taub-NUT family, also called the type A N −1 , are given explicitly by the Gibbons-Hawking ansatz [11] (1.1). They have a triholomorphic S 1 symmetry, generated by the vector field ∂ ∂ψ . For the purpose of our Skyrme field construction, we shall only consider a subclass of the multi-Taub-NUT instantons, where the points x n , the centres, lie along the z-axis in the Cartesian coordinate system. This results in the function V being independent of φ.
The self-dual spin connection, γ := γ + , of a multi-Taub-NUT metric can be calculated using the self-dual two-forms
where {e 0 , e i } is an orthonormal tetrad of one-forms. The spin connection coefficients, γ ij , are determined from
Consider the metric of the form in (1.1)
where V is now independent of φ and is given by
The standard convention for a hyperKähler manifold is to choose an orientation determined by the square of one of the Kähler forms. With respect to this orientation the Kähler forms are self-dual while the Weyl tensor is anti-self-dual. However, we have chosen the reverse orientation, where the Weyl tensor is self-dual, in order to facilitate the readers in comparing the results with those in previous literature such as [24, 3, 8] .
and the one-form α satisfying * 3 dV = dα is chosen to be
(2.6) Now, let η 1 = − sin ψ dθ + sin θ cos ψ dφ, η 2 = cos ψ dθ + sin θ sin ψ dφ, (2.7)
We can then choose an orthonormal tetrad of one-forms to be
For the Taub-NUT metric, with N = 1, z 1 = 0, we have that V = 1 + 1 r ,α = cos θ and (η 1 , η 2 , η 3 ) in (2.7) are left-invariant one-forms on SU(2), which satisfy
Thus the tetrad (2.8) is SU(2)-left invariant.
For the multi-Taub-NUT instanton, the metric no longer has spherical symmetry and (η 1 , η 2 , η 3 ) in (2.7) are not left-invariant one-forms on SU(2). However, to obtain a family of Skyrme fields which includes the Taub-NUT Skyrme field in [8] , we shall proceed by using (2.8) as our orthonormal tetrad, with V and α given in (2.5),(2.6).
The spin connection coefficients, γ ij , are determined from (2.3). Then the SU(2) Yang-Mills potential, A, is given by
where {t i } are generators of the Lie algebra su(2) satisfying [t i , t j ] = −ε ijk t k .
That is,
where A 1 = γ 23 , A 2 = γ 31 and A 3 = γ 12 . We find that
which gives the result in [8] for the Taub-NUT case whenα = cos θ and V = 1 + 1 r . Suppose K is a Killing vector field and x a = (s, x) be coordinates on the manifold M
From Yang-Mills instantons to Skyrme fields
Then formally the holonomy is given by
where P denotes s-ordering. In general, one computes U by solving the equation
where
. If the orbit Γ is S 1 , one needs to cut it into an interval. In [8] , the holonomy is calculated along the S 1 orbits of a left translation SO(2) inside SU(2), generated by the vector field ∂ ∂φ . The orbits generated by ∂ ∂ψ was not considered as it gives an Abelian Skyrme field with zero topological degree.
We shall now follow [8] and choose the orbit Γ to be that generated by ∂ ∂φ , which is a Killing vector field for our axially-symmetric multi-Taub-NUT instantons. Let the component A φ be the restriction of A to the orbit Γ. Thus,
As we shall see in Section 3.1 that this construction of Skyrme fields is gaugedependent, so let us first discuss our gauge choice of the Yang-Mills potential A in (2.10).
The gauge is chosen as a generalisation of the one used in [8] so that the family of the resulting skyrme fields will include the Taub-NUT skyrme field already constructed there. In the Taub-NUT case, N = 1 with the centre located at r = 0, it can be verified by taking the limit r → 0 that A is regular at the centre. (The author of [8] fixed the gauge by demanding the regularity at r = 0.) However, for the multi-Taub-NUT instanton with N ≥ 2, the potential A has apparent singularities at the centres. This is a gauge phenomenon, which can be seen by considering the Yang-Mills curvature F of A in (2.9)
where R ij = dγ ij + γ ik ∧ γ kj is the Riemann curvature two-form of the multi-Taub-NUT metric which is regular at the centres. It is therefore possible to remove the apparent singularities of A in gauge (2.10) by gauge transformations (see [13, 14] ), but this would change the family of Skyrme fields. Instead, we shall argue that the integrand of the path-ordered integral (2.12) nevertheless remains finite as one approaches a centre.
To see this, let
From (2.7) and (2.10) we have
where we have simplified the expressions using the relation * 3 dV = dα in spherical coordinates:α
Now as we can always choose coordinates so that the origin is at any centre, without loss of generality we consider a centre located at the origin in R 3 . The behaviour of A φ near the centre can be seen from the limit of γ j (2.13) as r → 0. By direct calculation, it can be shown that as r → 0, we have γ 1 , γ 2 → 0 and γ 3 approaches an integer depending on the numbers of the centres above and below the origin along the axis of symmetry.
To be precise, if the position of each centre is determined by the real number z n in (2.5),
z n |z n | , which is finite.
Let us now evaluate the path-ordered integral (2.12). Since all the spin connection coefficients are independent of φ, the integral (2.12) can be evaluated explicitly. This
Suppose we choose the representation t j = i 2 τ j , where τ j are Pauli matrices. Then the Skyrme field from the axially-symmetric multi-Taub-NUT instanton is given by
where γ j are given in (2.13). The expression (2.14) simplifies in the case of the Taub-NUT instanton (see [8] ). Also, using (2.13) it can be shown that the multi-Taub-NUT Skyrmion approaches a constant group element at infinity. In particular, like the Taub-NUT case, U → −1 as r → ∞.
The Skyrme field generated is defined on the space of orbits of the ∂ ∂φ symmetry. We shall denote this space as B. The Einstein-Weyl metric on B is investigated in Chapter 4, with relation to the SU(∞)-Toda equation discussed. We also note here that the S 1 orbits along which we calculate the holonomy have no point in common. Therefore, unlike in the Atiyah-Manton construction [2] , the initial condition at the based point of all the orbits cannot be imposed. Thus gauge transformation of the Yang-Mills potential (2.9) will affect the resulting Skyrme field. To have a well defined Skyrme field, a preferred gauge has to be choosen. In [8] , the preferred gauge for the Taub-NUT and Atiyah-Hitchin instantons has been fixed by choosing the SU(2) invariant frame fields (2.8). This choice of gauge is resulted from the symmetry requirement, that the Yang-Mills potential is SU(2) left-invariant, and the requirement that the potential is regular at r = 0. The multi-Taub-NUT metrics for N ≥ 2 do not have the SU(2) symmetry, and it is not obvious how one can justify a preferred gauge. However, the family of Skyrme fields (2.14) can be considered as a generalisation of the Taub-NUT Skyrme field of [8] , as it includes the Skyrme field in the family.
The topological degree
The Skyrme field constructed in Section 2 is a map from the space of orbits B of the Killing vector field ∂ ∂φ to the Lie group SU(2). An integral expression for a topological degree of the map U : B → SU (2) is given by
In [8] , the topological degrees of the Taub-NUT and Atiyah-Hitchin Skyrme fields are calculated. It is hoped that they can be interpreted as some physical quantum numbers of the particles modelled by the gravitational instantons, namely the electron and proton.
Recall that the Taub-NUT and Atiyah-Hitchin Skyrme fields are constructed in the gauge preferred by the SU(2) symmetry, and their topological degrees are 2 and 1, respectively. However, we shall show below that there exists a tetrad of frame fields different from (2.8) such that the resulting family of multi-Taub-NUT Skyrme fields has vanishing topological degree for all N ≥ 1. This finding does not present a problem to the physical interpretation of the topological degrees of the Taub-NUT (N = 1) and Atiyah-Hitchin
Skyrme fields, as the symmetry requirement fixes a preferred gauge in which the degrees are nonzero. However, the situation is different for the multi-Taub-NUT case. Although the choice of frame fields (2.8) resulting in our multi-Taub-NUT Skyrme fields (2.14) is supported by the demand that the family should include the Taub-NUT Skyrme field of [8] , it is not clear to the author if there is a symmetry or regularity requirement that would lead to the gauge when N ≥ 2.
As a by-product of this study, we shall also present an analytic method to compute the topological degrees of the Taub-NUT and Atiyah-Hitchin Skyrme fields, which were previously obtained in [8] by the method of preimage counting.
Gauge dependence
Here we shall demonstrate that there exists an orthonormal tetrad of one-forms such that the multi-Taub-NUT spin connection gives rise to the Skyrme fields with zero topological degree for all N ≥ 1. Since the multi-Taub-NUT instantons (2.4) have axial symmetry, instead of (2.8) one could think of another tetrad of one-forms which is perhaps more natural with regards to the isometry of the metrics. To define this tetrad, let us write the metric (2.4) in the cylindrical coordinates on R 3 :
where now
Then a natural tetrad of one-forms to the metric is given by
Using this tetrad and repeating the same procedure in Section 2 yields a new YangMills potential A ′ given by
Unlike the Yang-Mills field (2.10) defined in Section 2, the potential (3.17) is independent of the ψ coordinate. Thus the resulting Skyrme field U only depends on two coordinates of the three-dimensional space B. Therefore the three-form (U −1 dU) 3 in the integral (3.15) vanishes and gives zero topological degree for all parameter N ≥ 1.
It is well known that under the change of tetrads, the spin connection γ ij and thus the Yang-Mills field A change under the usual gauge transformation. Hence, this demonstrates that different gauges of the spin connection result in Skyrme fields with different topological degrees. This presents a problem to the interpretation of the topological degree as a quantum number of the system of N-electrons for N ≥ 2.
Taub-NUT and Atiyah-Hitchin Skyrme fields
We shall end Section 3 by presenting an analytic method to compute the topological degree (3.15) of the Taub-NUT and Atiyah-Hitchin Skyrme fields, constructed in the gauge preferred by the SU(2) symmetry.
First, one notes that the integrand of (3.15) is actually the pullback of the normalised volume form on S 3 = SU(2). That is, suppose (Θ, Φ, Ψ) are the Euler angles such that a point q ∈ S 3 can be parametrised by
where Θ ∈ [0, π), Φ ∈ [0, 2π), Ψ ∈ [0, π) and τ j are Pauli matrices. Then
is a volume form on S 3 , and it can be shown that (3.15) is given by
where * Ω denotes the pullback of Ω onto B. Now, since Ω is closed, it can be written locally as Ω = dω for some two-formω on S 3 . Moreover, as the exterior derivative d commutes with the pullback, by letting ω := * ω one has that
The integral (3.19) can be evaluated using the asymptotic values of ω as follows.
Let ω = ω 1 dr ∧ dψ + ω 2 dθ ∧ dr + ω 3 dθ ∧ dψ for some functions ω j , j = 1, 2, 3. Then 20) with appropriate boundaries for the integrals.
Hence, the problem comes down to finding ω and evaluating the relevant asymptotic limits of ω j . A natural choice forω iŝ
Now, to obtain the pullback ω = * ω , one needs to find the relation between coordinates (Θ, Φ, Ψ) on S 3 and (r, θ, ψ) on B.
First we note that the Skyrme field U takes value in SU(2). Now an element in SU(2) of the form exp(−i a j τ j ) for some a j can be written as exp(−i a j τ j ) = (cos a) 1 − i(sin a)n j τ j , where a j = an j andn = (n j ) is a unit vector. In our case, a j = π γ j . The Taub-NUT and Atiyah-Hitchin Skyrme fields [8] are of the form (2.14), with
for some functions f j (r). Thus,n j = f j κ n j , where κ = (f 1 n 1 ) 2 + (f 2 n 2 ) 2 + (f 3 n 3 ) 2 and n = (sin θ cos ψ, sin θ sin ψ, cos θ). Therefore
Comparing (3.18) and (3.22), one concludes that cos Ψ = cos(πκ),
From the above relations, it follows that the pullback ω = * ω , withω in (3.21), is given by
Finally, writing ω = ω 1 dr ∧ dψ + ω 2 dθ ∧ dr + ω 3 dθ ∧ dψ yields
For the Taub-NUT Skyrme field, we have that It follows that ω 2 is identically zero, and ω 3 → 0 as r → 0 or r → ∞. Thus the only nonzero contribution comes from the first term in (3.25) . It can be shown that
This yields the topological degree (3.19) for the Taub-NUT Skyrme field
which is consistent with the result in [8] obtained by counting preimages.
For the Atiyah-Hitchin Skyrme field, the integral (3.20) becomes
However, we only know the asymptotic expressions for f j (r) :
For large r, 27) and for r close to π,
Now it turns out that if we chooseω in (3.21), the only nonzero contribution of the integral (3.26) comes from the first term which we are unable to integrate as the expressions of f j (r) are not known. However, we can proceed with the same method by choosing a differentω asω
where we have put the prime in to distinguish it fromω in (3.21). Then the pullback ω ′ = * ω′ takes the form
We note here that usingω ′ in (3.29) we consistently obtain the topological degree for the Taub-NUT Skyrme field D T N = 2. Only that this time the integrands in the first and second terms of (3.25) vanish, and only the third term gives nonzero contribution.
The same situation happens for the Atiyah-Hitchin Skyrme field, i.e. the integrands in the first and second terms of (3.26) vanish. Now, we can evaluate the last term using the asymptotic expressions (3.27) and (3.28).
As r → ∞, one has that (f 1 , f 2 , f 3 ) → (−1, −1, 1) and κ → 1. Then,
Also, it can be shown that κ θ → 0 as r → ∞, thus 
which agrees with that in [8] , obtained by the method of preimage counting, up to a sign.
Relation to the SU (∞)-Toda equation
In this section we shall investigate the Einstein-Weyl metric on the space where the Skyrme fields live. This study aims to provide a link between two nonlinear problems; the non-integrable Skyrme model on one hand and the integrable Einstein-Weyl structure on the other. The twistor correspondence which reveals the integrability of the EinsteinWeyl structure was given by Hitchin [15] , and all Einstein-Weyl spaces are governed by integrable equations (see e.g. [1] ). In our case, it is the SU(∞)-Toda equation.
Regardless of the gauge, the multi-Taub-NUT Skyrme fields constructed in Section 2 are defined on the space of orbits B of the Killing vector field ∂ ∂φ . There is a natural Einstein-Weyl metric on B induced by the multi-Taub-NUT metric (2.4). The relation between self-dual conformal structures and Einstein-Weyl structures has been established in the Jones-Tod correspondence [18] , which states that any self-dual conformal structure with a conformal Killing vector field gives rise to an Einstein-Weyl structure on the space of orbits, and conversely given an Einstein-Weyl space one can always construct an associated self-dual conformal structure.
A multi-Taub-NUT metric is self-dual and also hyperKähler, which implies Ricciflat. Hence it belongs to a special class, considered by LeBrun [19] , of scalar-flat Kähler metrics.
3 In [19] , it was proved that any scalar-flat Kähler metric with a Killing symmetry preserving the Kähler form can be written in a particular form, and is determined by solutions of the SU(∞)-Toda equation
and its linearisation
We will see shortly that the Killing vector field ∂ ∂φ , and more generally a Killing vector field of the form ∂ ∂φ + c ∂ ∂ψ , where c is a constant, preserve a Kähler form. Suppose we choose coordinates so that the Killing vector field considered is of the form ∂ ∂T , where T is one of the new coordinates. It follows that the multi-Taub-NUT metric g (2.4) and the Kähler form ω can be written in the LeBrun ansatz as
3)
where {x, y, t} are coordinates on the space of orbits, and (u, W ), λ and h are functions, a one-form and a metric on the space of orbits, respectively. The function u = u(x, y, t) necessarily satisfies the SU(∞)-Toda equation (4.1) and W satisfies the so-called monopole equation (4.2) .
To see this, we note that any metric with a Killing vector field K = ∂ ∂T necessarily takes the form of the first equation in (4.3), where
and h is a metric on the three-dimensional space of orbits of K. As K preserves the Kähler form ω, the vanishing
for some function t on the space of orbits. Next, we can use isothermal coordinates x, y on the orthogonal complement of the space spanned by K and I(K), together with t, as local coordinates. This will result in the form (4.3). The equations (4.2) . This is the case for the multi-Taub-NUT metric which is hyperKähler.
Metric on the space of orbits
We shall now consider the Einstein-Weyl metric arising from the multi-Taub-NUT metric 
where we recall that V (ρ, z) is a solution of the Laplace's equation
and α =α(ρ, z)dφ. The relation dα = * 3 dV implies that
Proposition 4.1 Let g be the axially symmetric multi-Taub-NUT metric given by (4.6) with
Then the Einstein-Weyl metric on the space of orbits of the Killing vector field
where c is a constant, is of the form h = e u (dx 2 + dy 2 ) + dt 2 , where u is the solution to the SU(∞)-Toda equation (4.1) which is independent of y and given implicitly by u(x, t) = ln(ρ 2 ) and
Proof First it can be shown that the Killing symmetry generated by K = ∂ ∂φ + c ∂ ∂ψ preserves a Kähler structure of (4.6). The complex structure I is defined by the holomorphic basis of one-forms
and the Kähler form given by To obtain the metric h of (4.3), first we complete the square and rearrange (4.6). This is done most conveniently in adapted coordinates in which
T is one of the coordinates.
Let ρ ′ = ρ, z ′ = z, T = φ and X = ψ−cφ be the new coordinates. For convenience, let us abuse the notation and drop the prime from ρ ′ and z ′ . Then in the adapted coordinates (ρ, z, T, X) the metric (4.6) is given by 13) whereα :=α + c. Now completing the square and rearranging (4.13), one obtains
14)
Then from (4.5), we have dt = ρV dρ +α dz. The other two coordinates, x and y, can be chosen such that 
✷
The determinant of the metric h (4.14) is given by det h = ρ (V 2 ρ 2 +α 2 ). Thus, h may be degenerate at ρ = 0, ρ = ∞ or at points determined by the function V 2 ρ 2 +α 2 .
By computing the curvature invariants, namely the Ricci scalar and the norm of the Riemann tensor, of the metric (4.14) with low number of centres, N = 1, 2, . . . , 6, one sees that both invariants go to zero as ρ → ∞ in all cases, thus the metric is regular there. More importantly, we find that all singularities of h arise from the fixed points
where the norm |K| vanishes, which depend on the number of centres of the multi-Taub-NUT metric and the value of c.
For N = 1, K has only one fixed point at the centre for a general value of c, the exception being c = ±1. This can be seen from the norm squared
which vanishes when ρ = 0 andα = 0. Now imposing ρ = 0 and without loss of generality setting the centre at the origin, we haveα = z √ z 2 + c. The values c = ±1 are thus singled out as the term z √ z 2 can only take values ±1. The functionα then vanishes when z < 0 (z > 0) for c = 1 (c = −1). In these two cases, the centre is no longer an isolated fixed point, but is part of a two-dimensional surface of fixed points. The fixed points of K lead to the singularities of the Einstein-Weyl metric h, where the Ricci scalar and the norm of the Riemann tensor blow up. These singularities lie on the ρ = 0 boundary of the 3-dimensional quotient space. The same behaviour happens for other N, where in general the only singularities of the metric h correspond to the centres of the multi-Taub-NUT metric, which are isolated fixed points -nuts -of the isometry K. In this case, h is regular everywhere on the quotient space except for N isolated points on the ρ = 0 boundary. Exceptional cases occur for some values of c; the particular values are determined by the number of centres, N. From the expression ofα, one finds that the exceptional values of c are ±N, ±(N − 2), ± (N − 4) , . . . , ±1 (0) for odd (even) N. For each of these values of c, there exists exactly one 2-dimensional surface of fixed points, either connecting a pair of centres or, in the case c = ±N, starting from a centre at an end of the centre arrangement towards the direction z → ±∞. The rest of the centres remain nuts. The metric h is singular at the corresponding points on the space of orbits of the isometry.
Let us note here that although the locus of fixed points of the isometry K can be found for all N, we have checked the singularity of h explicitly only for the case N = 1, 2, . . . , 6, as mentioned previously. From the form of V and α (4.9) governing the metric h (4.14), we expect that the singularities only come from the fixed points of K, and h is regular everywhere else for any N. However, we are still unable to obtain a tractable general expression for the curvature invariants for any N which would prove the claim.
The Skyrme fields constructed in Section 2 live on the space of orbits B of the Killing vector field K = ∂ ∂φ , i.e. the case c = 0. From the above discussion, it follows that for the odd N the Einstein-Weyl metric h has only N isolated singularities on the ρ = 0 boundary of B. As these arise from the nut fixed points of the vector field K used to obtain the quotient B, they are not part of the quotient. Thus we conclude that the metric is regular on B.
For even N, the curvature invariants are also singular on the part of the ρ = 0 boundary which connects the two points corresponding to the middle two centres. For example, for N = 4, suppose the centres are located at z = z n with z 1 < z 2 < z 3 < z 4 on the z-axis in R 3 , then the invariants are singular for z 2 < z < z 3 on the ρ = 0 boundary of B.
We note here that, for the purpose of the Skyrme field construction, one can avoid this non-isolated singularity for even N by calculating the holonomy of the spin connection along the orbits of a Killing vector field K = ∂ ∂φ + c ∂ ∂ψ with some 'good' values of c (e.g. c = 0, ±2, ±4 for N = 4) instead.
Limit N → ∞
As N becomes large, the function V of the multi-Taub-NUT metric (4.6) approaches the Ooguri-Vafa limit [22] , such that when ρ → ∞, V can be approximated by
Then, using the same procedure as in the proof of Proposition 4.1, one obtains the Einstein-Weyl metric h on the space of orbits of the vector field
where the solution to the SU(∞)-Toda equation u is given implicitly by u(x, t) = ln(ρ 2 ) and
The relations (4.18) show that u(x, t) satisfies
which implies that u is a solution which is constant on a cylinder
where k 1 , k 2 are constants. We note here that solutions of the SU(∞)-Toda equation constant on surfaces have been studied previously in [27] and [9] , where the surfaces are central ellipsoids and planes, respectively.
More explicit expressions
To obtain an explicit expression for the solution u(x, t) in Proposition 4.1, one needs to know ρ(x, t) explicitly. In principle, this can be achieved by inverting the expressions (4.10),(4.11). However, it turns out to be impossible even for the case N = 1 of the Taub-NUT metric. Therefore, to obtain a more explicit description of the corresponding solution to the SU(∞)-Toda equation and thus the Einstein-Weyl metric, we proceed analogously to [28] as we shall describe below. First, we note that the solution u in Proposition 4.1 is independent of y. Such a solution belongs to the class of solutions considered by Ward in [28] . There, Ward gave a prescription of how one can obtain a solution of the SU(∞)-Toda equation from an axially symmetric solution of the Laplace's equation. 5 We shall apply his procedure to the solutions of the Laplace's equation governing the multi-Taub-NUT metrics of Proposition 4.1. We will show that this method yields an explicit expression for u in the Taub-NUT (N = 1) case, and that u is determined by a root of a quintic polynomial for N = 2.
The multi-Taub-NUT metric (4.6) is governed by the axially symmetric solution V of the Laplace's equation 19) given in (4.9). One notes that the function 20) satisfying V = 1 + V z , is also a solution of (4.19) . Now, define new variables (ξ, τ ) by
where we recall that the functionα is given in (4.9) (notice thatα = N − ρ V ρ ), and that α + c, denoted previously asα, appears in the expression for the Einstein-Weyl metric (4.14) on the space of orbits of the Killing symmetry generated by K = ∂ ∂φ + c ∂ ∂ψ . The choice of τ to include the constant c is for the convenience in writing the metric (4.14) in these new coordinates. Inverting (4.21) to obtain ρ(ξ, τ ), it follows that if we let where y n = 1 ρ 2 + (z − z n ) 2 .
In principle, one could use the equations (4.24) together with the expression for y n (ρ, z) to obtain ρ 2 (ξ, τ ). The idea is best illustrated through the following examples of the Taub Here we simply write z = (2τ − c)/ξ and, from y
Thus the corresponding solution of the SU(∞)-Toda equation, u = ln ρ 2 4 , is given explicitly by
Next, for the multi-Taub-NUT N = 2, let z 1 = 0 and z 2 = 1 for simplicity. We now have
This is a linear system from which we can easily write y 1 , y 2 as functions of ξ, τ and z :
Now, using the expressions of y 1 and y 2 , one obtains
The difference of the two equations in (4.25) gives a quintic polynomial equation for z in terms of ξ, τ :
The root of the polynomial which satisfies the system (4.25) will give the desire expression for z(ξ, τ ), which in turn yields u(ξ, τ ) = ln ρ 2 4 , via
Lastly, to see how the computation develops as N becomes larger, let us consider the case of the multi-Taub-NUT metric with N = 3. For simplicity, let z 1 = 0, z 2 = 1 and z 3 = −1. Then (4.24) becomes . The system (4.26) is no longer a linear system of equations for y 1 , y 2 . Thus, to get expressions for y 1 (z, ξ, τ ), y 2 (z, ξ, τ ), one needs to solve a polynomial equation. With y 1 (z, ξ, τ ), y 2 (z, ξ, τ ), one can then proceed similarly to the case N = 2 to get z(ξ, τ ) from
The difference of the two equations above will give a high order polynomial for z. The root z(ξ, τ ) would then yield ρ 2 (ξ, τ ) via ρ 2 = 1 y 2 1 − z 2 as before.
Let us conclude this section by writing down the Einstein-Weyl metric (4.14),
in the coordinates (ξ, y, τ ) on the space of orbits. From
and letting e u = ρ 2 /4, the metric h becomes
where H(ξ, τ ) is a function given by
, and ξ ρ , ξ z denote ∂ξ ∂ρ and ∂ξ ∂z , respectively.
The difficulty in writing h explicitly comes down to writing ξ ρ , ξ z as functions of (ξ, τ ). A direct computation shows that this requires an expression for z(ξ, τ ), which we have obtained only for the Taub-NUT case, where
Further remarks
Let us recall that the Euler-Lagrange equation of the Skyrme model is not integrable and solutions have only been found numerically. There are several known methods of constructing analytic approximations, which we also call Skyrme fields in this paper, to the true static solutions. Some examples are the product ansatz [26] , the rational map ansatz [16] and the construction of Skyrme fields from instantons [2] , which is the main focus of this paper.
Recall that static solutions to the Skyrme equation are critical points of the Skyrme energy functional. Therefore, one desires a field profile which is close to a critical point. In [2] , generalisation of 't Hooft's instantons [17] were shown to generate Skyrme fields on R 3 , some of which have energy very close to the true solutions. For example, the one-pole 't Hooft's instanton gives a spherically symmetric Skyrme field with a parameter. This turns out to be a good approximation to the minimum energy Skyrmion solution with the topological degree D = 1 -the minimum energy of the profile, obtained by adjusting the parameter, is less than 1% above the energy of the true (numerical) Skyrmion.
The energy functional derived from the standard Lagrangian of the Skyrme model is
given by
where dV 3 denotes the volume form of the three dimensional space, R a = U −1 ∂ a U, with ∂ a U denoting the derivative with respect to each of the three coordinates, and the Einstein summation convection is used.
In our case, to see how well the multi-Taub-NUT Skyrme fields (2.14) approximate the solutions to the Skyrme equation on B, one needs to consider the energy functional (5.1) on B.
As a start, let us focus on the Taub-NUT Skyrme field N = 1, where the Skyrme field (2.14) simplifies to U(r, θ, ψ) = exp (−i π f j (r)n j τ j ) ,
which can be written as (3.22) with f j given by (3.24) .
To compare the energy of this field with a true solution, one needs to write down a Skyrme equation on B and then solve it numerically. Static solutions satisfy the EulerLagrange equation of the energy functional. Therefore we first write down the energy functional (5.1) for an ansatz of the form (5.2) with f := f 1 = f 2 and g := f 3 , which is a slight extension of the Hedgehog ansatz, where
In hindsight, let us assume the metric h B on B to be used in the energy functional to be of the form 
Now, B has a natural Einstein-Weyl metric given by (4.14) (with c = 0), which for the Taub-NUT case can be written in (r, θ, ψ) coordinates as However, using the metric (5.5) in (5.4) and performing numerical integration gives unbounded energy for the Taub-NUT Skyrme field. This is due to the fact that the integrand of (5.4) blows up as r → ∞. Note, however, that the integrand has a zero limit as r → 0, i.e. approaching the nut.
One way to proceed is to use another metric h B on B. One could look for a conformal factor Λ such that the metric h B = Λ h, h given in (5.5), yields a finite energy. However, so far we have failed to find or prove an existence of such a Λ. It might be that a metric h B in a different conformal class is needed. This investigation is left for future work.
In principle, once a metric (5.3) is chosen, one then needs to derive the Euler-Lagrange equation of the energy functional and solve it numerically to get a true static solution.
Note that care is needed when imposing the boundary condition for the Euler-Lagrange equation, so that one obtains a solution with the same topological degree as the approximate Skyrme field.
A final remark is that in order to find a Skyrme field which best approximates a true solution, one may need to reinstate a parameter in the harmonic function V defining the multi-Taub-NUT metric (1.1), which has been set to 1 for simplicity. The parameter can then be varied to achieve the minimum energy for the Skyrme field.
